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Abstract
By using slave particle (slave boson and slave fermion) technique on the Bose-Hubbard model,
we study the finite temperature properties of ultracold Bose gases in optical lattices. The phase
diagrams at finite temperature are depicted by including different types of slave particles and the
effect of the finite types of slave particles is estimated. The superfluid density is evaluated using
the Landau second order phase transition theory. The atom density, excitation spectrum and
dispersion curve are also computed at various temperatures, and how the Mott-insulator evolves
as the temperature increases is demonstrated. For most quantities to be calculated, we find that
there are no qualitatively differences in using the slave boson or the slave fermion approaches.
However, when studying the stability of the mean field state, we find that in contrast to the slave
fermion approach, the slave boson mean field state is not stable. Although the slave boson mean
field theory gives a qualitatively correct phase boundary, it corresponds to a local maximum of
Landau free energy and can not describe the second order phase transition because the coefficient
a4 of the fourth order term is always negative in the free energy expansion.
PACS numbers: 03.75.Lm,67.40.-w,39.25.+k
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I. INTRODUCTION
Ultracold atoms in optical lattices with highly tunable parameters have provided an
unique opportunity to simulate strongly correlated phenomena in condensed matter physics
[1, 2, 3]. The dynamics of such Bose atoms can be described by a Bose-Hubbard model, and
it was predicted that there would be a quantum phase transition from the superfluid to the
Mott-insulator phase induced by varying the depth of the optical potential [4]. Recently,
this phase transition has been perfectly realized by Greiner et al. [3] by means of loading
87Rb atoms into a three-dimensional optical lattices. From then on the Bose-Hubbard model
to the cold atomic gas in optical lattices has received extensive studies.
The Bose-Hubbard model, with on-site interaction and tunnelling between nearest neigh-
bor sites, was used by Fisher et. al [5] to investigate the bosons in periodic and/or random
external potentials. There exist two types of phases, the superfluid and Mott-insulating
phases, in this model at an integer lattice filling fraction and zero temperature. In the su-
perfluid phase, the tunnelling term dominates and all atoms occupy the identical extended
Bloch state. The ground state of this system can be well described by a macroscopic wave
function with long-range phase coherence. In the Mott-insulating phase, the interaction
dominates and the ground state of the system instead consists of the localized atomic wave
function without phase coherence [3]. This Mott-insulating phase can be characterized by
an integer filling factor, the existence of a gap for particle-hole excitation, and zero com-
pressibility. By varying the parameters such as the density and the external potential, the
system would undergo a quantum phase transition and evolve from the superfluid phase
to Mott-insulating phase. In the past, various theoretical approaches have been used to
investigate this superfluid/Mott-insulator transition at zero temperature such as the strong-
coupling expansion [6, 7, 8, 9], Gutzwiller projection ansatz [4, 10, 11, 12], quantum Monte
Carlo simulations [13, 14], and other mean-field approximations [5, 15, 16]. By comparison,
there are less studies focusing on the nonzero temperature properties [16, 17, 18, 19, 20, 21],
and this will be the main topic of this paper.
Slave boson technique was developed to deal with the interacting fermion systems for
the convenient use of mean-field approximations [22]. It has been extended to study the
hard-core bosons on a lattice in a functional integral representation by Ziegler [23], in which
there are only two states per site: empty and singly occupations. A similar formulation for
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interacting boson systems has been obtained by Fre´sard [24]. The analytical expression for
the Mott-insulating lobes was obtained and the density-density correlation function was cal-
culated. Recently, this approach has been adopted by Dicherscheid et al. [17] to investigate
the nonzero temperature behaviors of the ultracold atoms in optical lattices. These authors
showed that the calculated phase diagram at zero temperature agrees well with the results
by other mean field methods [6, 15] and they further depicted the phase diagrams at finite
temperatures. The slave boson and slave fermion approaches are equivalent in principle
without any approximation. However, the difference comes into view if some mean field ap-
proximations are made in practical calculations. Bearing this in mind, one of us with Chui
[21] performed a comparative study between the slave fermion and slave boson approaches
under the same mean-field approximation. It was found that both approaches give the same
qualitative phase diagram, but the quantitative behaviors by slave fermion approach are
more accurate. This may be related to the Fermi statistics which automatically excludes
two same types of slave fermions from occupying the same site when the constraint, one site
can be occupied by only one slave particle, is relaxed in the mean field approximation.
In this paper, we will extend the slave particle technique to investigate the various finite
temperature properties of the Bose-Hubbard model. We will study the finite temperature
phase diagram, atom density, superfluid density, and excitation spectrum for various tem-
peratures and system parameters. The comparison between slave fermion and slave boson
approaches will be performed. We show that although the mean field theory of slave boson
gives a qualitatively reasonable phase boundary, the negative coefficient a4 of fourth order
term in the Landau free energy expansion means that the zero of the derivative of the free
energy is a local maximum and thus the slave boson mean field state is not stable, i.e., the
slave boson mean field theory is unable to describe the second order phase transition of the
normal liquid/superfluid. This shortcoming of the slave boson approach does not exist in
the slave fermion approach. In this sense, using the slave fermion approach to study the
strongly correlated Bose atoms may be preponderant.
This paper was organized as follows. In Sec. II we review the basic formalism of the
slave particle technique to the Bose-Hubbard model. In Sec. III we focus on the critical
temperature of superfluid-normal phase transition, and depict the phase diagram. The atom
density and the compressibility are calculated in Sec. IV. In Sec. V, the superfluid density
is determined and the stability of the mean field states of the slave particles are discussed.
3
Sec. VI is devoted to calculate the excitation spectrum. Conclusions are given in Sec. VII.
In Appendix A, the details of the calculation of the coefficient a4 is provided.
II. SLAVE PARTICLE FORMALISM OF BOSE-HUBBARD MODEL
A. Slave particle technique for a bosonic system
For a bosonic system, the creation operator a†i and annihilation operator ai on site i can
be defined as follows in the occupation-number representation:
a†i |α〉i =
√
α + 1|α+ 1〉i,
ai|α〉i =
√
α|α− 1〉i. (1)
They obey the basic boson commutation relation: [ai, a
†
j] = δij . The state |α〉i is an eigen-
state of the particle number operator Ni = a
†
iai, which counts the number of bosons on site
i, with the eigenvalue α. On a single lattice site, the occupation number can be any non-
negative integer. Thus the boson creation and annihilation operators can be decomposed
into
a†i = |1〉ii〈0|+
√
2|2〉ii〈1|+ · · · =
∑
α=0
√
α + 1|α+ 1〉ii〈α|,
ai = |0〉ii〈1|+
√
2|1〉ii〈2|+ · · · =
∑
α=0
√
α + 1|α〉ii〈α+ 1|. (2)
The justification of this decomposition is that it does satisfy the original commutation
relation [ai, a
†
j] = δij. Next, we identify every occupation state on a site as a type of slave
particle, that is to say, mapping |α〉i and i〈α| to the creation operator a†α,i and annihilation
operator aα,i of the slave particle. In a slave fermion approach these operators are forced
to satisfy the fermion anticommutation relation {aα,i, a†β,j} = δαβδij , and in a slave boson
approach they are forced to obey boson commutation relation [aα,i, a
†
β,j] = δαβδij . Then a
†
i
and ai can be rewritten as
a†i =
∑
α=0
√
α + 1a†α+1,iaα,i,
ai =
∑
α=0
√
α + 1a†α,iaα+1,i.
(3)
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When inserting the above equations in [ai, a
†
j], one finds that, only when the constraint∑
α=0
nαi =
∑
α=0
a†α,iaα,i = 1, (4)
is satisfied, could the original boson commutation relation [ai, a
†
j] = δij be reproduced by
either slave fermion or slave boson approaches. This implies that the slave particle trans-
formation (3) along with the constraint (4) and {aα,i, a†β,j} = δαβδij (slave fermion) or
[aα,i, a
†
β,j] = δαβδij (slave boson) can describe the whole physics of the original boson sys-
tem.
B. Bose-Hubbard model and functional integral representation
In the second quantization, the translationally invariant many-body Hamiltonian of cold
Bose gases confined by an external optical lattice potential Vext(r) is given by [26] ,
H =
∫
drΨ†(r)
(
− ~
2
2m
∇2 + Vext(r)− µ
)
Ψ(r)
+
1
2
∫
drdr′Ψ†(r)Ψ†(r′)V (r− r′)Ψ(r′)Ψ(r),
(5)
where Ψ(r) (Ψ†(r)) is the boson field operator that annihilates (creates) a particle at the
position r, V (r−r′) is the two-body interatomic potential, and µ is the chemical potential. In
the case of a dilute cold atom gas, we can approximate V (r−r′) with an effective interaction
gδ(r − r′), where g = 4πas~2/m with as the s-wave scattering length and m the mass of
the atoms. When expanding the field operators in the Wannier basis and keeping only the
lowest vibrational states, namely Ψ(r) =
∑
i aiw(r − ri), eq. (5) can be rewritten as the
Bose-Hubbard Hamiltonian [4]:
H = −t
∑
<ij>
a†iaj − µ
∑
i
ni +
U
2
∑
i
ni(ni − 1), (6)
in which ni = a
†
iai is the particle number operator. The symbol 〈ij〉 denotes the sum
over all nearest neighbor sites. t and U are the hopping amplitude and on-site interaction,
respectively,
t =
∫
drw∗(r− ri)
(
− ~
2
2m
∇2 + Vext(r)
)
w(r− rj),
U = g
∫
dr|w(r)|4. (7)
5
For small occupation per site, one can use the single particle Wannier function to calculate
these parameters. However, in the case of the multi-occupation, these parameters have
to be calculated by considering the interaction broadening of the Wannier function [27].
Substituting eq. (3) into eq. (6), the Bose-Hubbard Hamiltonian can be replaced by
H =− t
∑
<ij>
∑
α,β
√
α + 1
√
β + 1a†α+1,iaα,ia
†
β,jaβ+1,j
− µ
∑
i
∑
α
αnαi +
U
2
∑
i
∑
α
α(α− 1)nαi .
(8)
Following the steps in Refs. [28, 29], we write the partition function as an imaginary time
coherent state path integral:
Z = Tre−βH =
∫
DaαDa¯αDλe
−S[a¯α,aα,λ],
S[a¯α, aα, λ] =
∫ β
0
dτ
{∑
i
∑
α
a¯α,i[∂τ − αµ+ U
2
α(α− 1)− iλi]aα,i
+i
∑
i
λi − t
∑
<ij>
∑
α,β
√
α + 1
√
β + 1a¯α+1,iaα,ia¯β,jaβ+1,j
}
, (9)
where a¯α,i and aα,i are introduced as ordinary complex numbers in the slave boson approach,
and as Grassmann variables in the slave fermion approach satisfying the Grassmann algebra,
i.e., {aα, aα} = {aα, a¯α} = {a¯α, a¯α},
∫
daα1 = 0 and
∫
daαaα = 1 [28, 29]. The gaussian
integrals over them are
∫
DaαDa¯α exp
{
−
∑
αβ
a¯αAαβaβ
}
= (detA)± = e±Tr[lnA], (10)
where ± correspond to integral over Grassmann variables or ordinary complex numbers.
The Lagrange multiplier field λi(τ) comes from the constraint (4), namely,
∏
i δ(
∑
α n
α
i −1).
The unit has been set to ~ = kB = 1 in all formulas. In order to decouple the hopping term,
a Hubbard-Stratonovich transformation is performed by adding a complete square term to
the action which contributes to the partition function a constant,
∫
DΦ∗DΦexp
[
−
∫
dτt
∑
<ij>
(Φ∗i −
∑
α
√
α+ 1a¯α+1,iaα,i)
×(Φj −
∑
α
√
α + 1a¯α,jaα+1,j)
]
.
(11)
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Then the partition function is replaced by
Z =
∫
DΦ∗DΦDa¯αDaαDλe
−Seff [Φ,aα,λ],
Seff [Φ, aα, λ] =
∫ β
0
dτ
{∑
i
∑
α
a¯α,i
[
∂τ − αµ+ U
2
α(α− 1)− iλi
]
aα,i
+i
∑
i
λi + t
∑
<ij>
(Φ∗iΦj − Φ∗i
∑
α
√
α + 1a¯α,jaα+1,j
−Φj
∑
α
√
α + 1a¯α+1,iaα,i)
}
.
(12)
The Hubbard-Stratonovich field Φi introduced here can be identified as the order parameter
of superfluid for 〈Φi〉 = 〈
∑
α
√
α + 1a¯α,iaα+1,i)〉 = 〈ai〉. We then perform a Fourier transform
on the field Ai:
Ai =
1√
Lβ
∑
k,n
Akne
i(k·ri−ωnτ), (13)
where L is the total number of sites in the optical lattice, ωn is the Matsubara frequency,
which equals (2n+1)π/β and 2nπ/β for fermion and boson fields, respectively. The effective
action Seff now reads
Seff [Φ, aα, λ] =
∑
k,n
∑
α
a¯α,kn
[
−iωn − αµ+ U
2
α(α− 1)
]
aα,kn + i
√
Lβλ0,0
− i 1√
Lβ
∑
k,q,n,n′
∑
α
λq,n′ a¯α,knaα,(k+q)(n+n′) +
∑
k,n
ǫk|Φk,n|2
−
∑
k,k′,n,n′
∑
α
ǫk′√
Lβ
{(√
α + 1a¯α+1,(k+k′)(n+n′)aα,kn
)
Φk′,n′
+
(√
α + 1a¯α,knaα+1,(k+k′)(n+n′)
)
Φ∗k′,n′
}
,
(14)
where ǫk = 2t
∑d
i=1 cos(kia) with d and a being the dimension and spacing constant of the
lattice. So far, we have obtained an effective action in a functional integral representation
by the slave particle approach. It is a reexpression of the original Bose-Hubbard model since
all transformations we made are rigorous. This effective action is the starting point of our
calculations.
C. Perturbation theory
The system can not be exactly solved with the constraint (4), which means there is
exactly one type of slave particle per site [22, 30]. We then relax it to one slave particle per
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site on average over the whole lattice. To realize this, one can replace all λk,n in the action
(14) with a constant λ0,0. This approximation is widely used in dealing with the interacting
fermion systems [22, 30]. It implies that the multi-occupation of the slave particles on one
site is allowed. However, the behaviors of the slave boson and slave fermion are slightly
different in the relaxing process. The multi-occupation of the same type of slave boson is
allowed, while the multi-occupation of the same type of slave fermion is forbidden by the
Pauli principle [21]. This will lead to some quantitative differences in the results by these
two approaches.
According to the Landau phase transition theory, the order parameter Φ near the critical
point is small and then the perturbation theory can be used. In the following, we will try to
integrate the slave particle field out of the action (14), and perform perturbation calculation
toward Φ along the way in Ref. [17]. After relaxing the constraint (4), the action (14) can
be divided into two parts:
Seff [Φ, aα, λ] = S0 + SI
S0 = iLβλ+
∑
k,n
∑
α
a¯α,kn [−iωn + c(α)] aα,kn +
∑
k,n
ǫk|Φk,n|2 = Ssp0 +
∑
k,n
ǫk|Φk,n|2
SI = −
∑
k,k′,n,n′
∑
α
ǫk′√
Lβ
{(√
α+ 1a¯α+1,(k+k′)(n+n′)aα,kn
)
Φk′,n′
+
(√
α + 1a¯α,knaα+1,(k+k′)(n+n′)
)
Φ∗k′,n′
}
,
in which λ = λ0,0/
√
Lβ is a constant and
c(α) = −iλ− αµ+ α(α− 1)U
2
. (15)
The partition function Z0 of non-interacting slave particles comes from the contribution of
the zeroth-order term Ssp0 and is given by
Z0 = e
−βΩ0 =
∫
DaαDa¯αe
−Ssp
0 (16)
where Ω0 is the zeroth-order thermodynamic potential and has the form:
− Ω0 = iλL± L
β
∑
α
ln(1± e−βc(α)), (17)
where the +(−) sign corresponds to the slave fermion (slave boson), respectively. Then we
can define the average of an operator A with respect to Ssp0 as
〈A〉0 = 1
Z0
∫
DaαDa¯αA(aα, a¯α)e
−Ssp
0 . (18)
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For small Φ, e−Seff can be expanded in terms of SI [17, 29], i.e.,
e−Seff = e−(S0+SI ) ≈ e−S0
[
1− SI + 1
2
S2I
]
. (19)
After integrating out the slave particle field aα and a¯α, we arrive at a new effective action
SE,eff ,
e−SE,eff =
∫
DaαDa¯αe
−Seff = e−βΩ0−
∑
k,n ǫk|Φk,n|
2
[
1− 〈SI〉0 + 1
2
〈S2I 〉0
]
. (20)
It is straightforward to calculate 〈SI〉0 and 〈S2I 〉0 using the Wick’s theorem and gaussian
integral formula (eq. (10)),
〈SI〉0 = 0, (21)
〈S2I 〉0 = ∓2
∑
k,k′,n,n′
ǫ2
k′
|Φk′,n′|2
Lβ
∑
α
(α + 1)〈a¯α,knaα,kn〉0
×〈a¯α+1,(k+k′)(n+n′)aα+1,(k+k′)(n+n′)〉0
= ∓2
∑
k,k′,n,n′
ǫ2
k′
|Φk′,n′|2
Lβ
∑
α
(α + 1)
1
−iωn + c(α)
× 1−iωn+n′ + c(α+ 1) , (22)
where ∓ correspond to the slave fermion and slave boson. After performing the sums over
Matsubara frequency ωn and k, we reduce 〈S2I 〉0 to
〈S2I 〉0 =2
∑
k,n
ǫ2k|Φk,n|2
∑
α
(α + 1)
nα − nα+1
−iωn − µ+ αU , (23)
where nα is the occupation number and equal to
nα =
1
exp{β[−iλ− αµ+ α(α− 1)U/2]} ± 1 , (24)
in which the + and − sign correspond to slave fermion and slave boson respectively. Because
〈S2I 〉0 is small, we have[
1− 〈SI〉0 + 1
2
〈S2I 〉0
]
=
[
1 +
1
2
〈S2I 〉0
]
≈ e 12 〈S2I 〉0 , (25)
and can rewrite eq. (20) as
e−SE,eff = e−βΩ0−
∑
k,n ǫk|Φk,n|
2+ 1
2
〈S2
I
〉0 . (26)
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Then the effective action of the order parameter field SE,eff [Φ
∗,Φ] may be obtained
SE,eff [Φ
∗,Φ] = βΩ0 −
∑
k,n
Φ∗k,nG
−1(k, iωn)Φk,n, (27)
where the Green’s function G(k, iωn) is defined by
−G−1(k, iωn) = ǫk − ǫ2k
∑
α
(α+ 1)
nα − nα+1
−iωn − µ+ αU , (28)
which will be the starting point of our analysis.
D. Mean-field approximation
In terms of eq. (27), the partition function can be calculated by gaussian integral
Z =e−βΩ =
∫
DΦDΦ∗e−SE,eff
=
∫
DΦDΦ∗e−βΩ0+
∑
k,n Φ
∗
k,n
G−1(k,iωn)Φk,n
=e−βΩ0−
∑
k,n ln[−βG
−1(k,iωn)],
(29)
from which the thermodynamic potential Ω can be extracted:
Ω = Ω0 +
1
β
∑
k,n
ln[−βG−1(k, iωn)]. (30)
We then perform a saddle point approximation to the constraint field λ, which means that
we only choose the λ minimizing the thermodynamic potential: ∂Ω/∂λ = 0. In addition,
the particle number conservation condition requires −∂Ω/∂µ = N . When inserting eq. (30)
into these two conditions, we have
L
∑
α
(1− nα)− i
β
∑
k,n
G(k, iωn)
∂G−1(k, iωn)
∂λ
= 0,
L
∑
α
αnα +
1
β
∑
k,n
G(k, iωn)
∂G−1(k, iωn)
∂µ
= N.
(31)
The mean-field approximation means the last terms of the above equations may be neglected.
That is, all the fluctuations coming from the Green’s function would not be considered. Then
the following two equations can be derived,
∑
α=0
nα = 1, (32)
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∑
α=0
αnα =
N
L
= n, (33)
where the n = N/L is the average particle density. One can see that eq. (32), which implies
there is one slave fermion per site on average, is exactly the relaxed constrain (4).
III. THE SUPERFLUID-NORMAL PHASE TRANSITION
As we know, the quantum phase transition from superfluid to Mott-insulator only occurs
at T = 0. At finite temperature, a superfluid-normal phase transition will be induced
[17, 18, 21, 23]. The Landau theory shows that, near the critical point of superfluid-normal
phase transition, the order parameter of superfluid Φ is small and the Landau free energy
can be expanded in terms of it. The critical point can be determined by the coefficient of
the second order term |Φ|2, which is G−1(0, 0) = 0 in our case [17, 21]. According to eq.
(28) and noting that ǫ0 = zt, we have∑
α=0
(α + 1)
nα+1 − nα
µ¯− αU¯ = 1, (34)
where µ¯ = µ/zt and U¯ = U/zt are dimensionless chemical potential and on-site repulsion
strength with z being the number of nearest neighbors. The dimensionless critical temper-
ature T¯c = Tc/zt can be obtained by solving eqs. (24), (32), (33), and (34) together. Note
that our results have a clear mean field nature and the dimensionality of the lattice appears
only as a numerical factor. Because there are infinite types of slave particles, a cut-off toward
α should be made when solving these equations. It has been shown by one of us and Chui
[21] that, for a large U¯ a small cut-off (e.g. αM = 3) is a good approximation, but in the
region of small U¯ the contributions from large α slave particles cannot be neglected and a
larger αM is required to obtain a quantitatively reliable result. In this work, we will work at
a relative large αM ( say, 9) to obtain a more accurate phase diagram of superfluid-normal
transition and estimate the effect of the finite types of slave particles.
When considering the commensurate state and restricting the average density to n =
N/L = 1, we obtain the superfluid-normal phase diagrams with various cut-off αM in both
slave fermion and slave boson approaches. It can be seen from Fig. 1 that, in both ap-
proaches, the curves of various cut-off are different from each other in the small U¯ region.
As U¯ increases, these differences become small and disappear gradually when approaching
11
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FIG. 1: The superfluid-normal phase diagrams with various cut-off αM in the slave fermion ((a))
and the slave boson ((b)) approaches. The average density is set to be n = 1. T¯c = Tc/zt and
U¯ = U/zt are the dimensionless critical temperature and on-site interaction, respectively.
the critical point of superfluid-Mott insulator transition. This result gives a further sup-
port to the statement of Ref. [21] that more types of slave particles should be taken into
account in the small U¯ region. Moreover, we find that the T¯c − U¯ curves with αM > 7,
which are not shown in Fig. 1, almost coincide with the curve with αM = 6. This implies
that even in the small U¯ region the contributions from the slave particles with α > 6 can be
reasonably neglected. To make the effect of finite cut-off αM clearer, we plot the position
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FIG. 2: The position of local maximum U¯max (panel (a)) and the critical temperature T¯c0 at U¯ = 0
(panel (b)) as a function of the cut-off αM with the average density n = 1.
of local maximum in the T¯c − U¯ curve, denoted by U¯max, and the critical temperature at
U¯ = 0, denoted by T¯c0, as a function of αM in Fig. 2. We can see that, as the cut-off αM
increases, the positions of local maximum U¯max move to small U¯ and approach steadily to
0 and 1.1 after αM > 6 for the slave fermion and the slave boson, respectively. The critical
temperatures T¯c0 shown in Fig. 2(b) initially increase largely when we increase the αM , but
their dependencies on it become very small after αM > 6 in both slave particle approaches.
All of these behaviors show that, in the case of low density (e.g. n = 1 here), the finite
cut-off such as αM = 6 is a good approximation in all range of U¯ .
We now make a comparison between the phase diagrams in Fig. 1 by these two slave
particle approaches. One can see that the T¯c of the slave fermion is always smaller than
that of the slave boson. As mentioned in Refs. [17] and [21], the local maximum in the
T¯c − U¯ curve is unreasonable. We can see from Fig. 2(a) that, when making a cut-off such
as αM = 5, the position of the local maximum in the slave fermion picture moves to zero,
which means the local maximum disappears. However, it seems that the local maximum in
the slave boson picture could not be eliminated by merely making a large cut-off. There
is still a maximum located around U¯max = 1.1 even when a large cut-off such as αM = 9
is made. Moreover, the position of the maximum almost does not depend on the cut-off
when αM > 6. This unsatisfactory feature may come from the approximation of relaxing
the constrain of eq. (4), which has less severe effect on the slave fermion than on the slave
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boson [21]. On the other hand, the critical temperature T¯c0 at U¯ = 0 should be identical
to the Bose-Einstein condensation temperature T¯ idealc of ideal Bose gas, which in the case of
three dimensions can be determined by [26, 31]
T¯ idealc =
2π
3
[
n
g3/2(0)
]2/3
(35)
with n being the average particle density and gi(x) =
∑∞
m=1 e
mx/mi. We have T¯ idealc = 1.10
when n = 1 [32]. As shown in Fig. 2(b), T¯c0 approaches 1.18 and 1.66 for the slave fermion
and the slave boson, respectively. Therefore, in this special case of n = 1, T¯c0 of the slave
fermion is more appropriate for it is closer to the expected value 1.10. As shown in the
phase diagrams, both slave particle approaches yield the critical interaction U¯c = 6 when
αM = 2, which slightly deviates from the well-known mean field value U¯c = 5.83. This can
be attributed to the mean field approximation of eqs. (32) and (33) and the finite cut-off of
αM [17, 21]. However, a remedy to the mean field conditions is very difficult [17, 21] and,
when including more types of slave particles, the calculation of T¯c at very low temperature
is very hard too for the divergence and the multi-solutions at U¯ > 6 [21]. Hence, when
αM > 2, we actually do not work out T¯c in the very low temperature region in this work
[33].
All the critical temperatures calculated above are concentrated on the commensurate
state with fixed integer density (i.e. n = 1), which is important only to the exact quantum
phase transition at T = 0. We next turn to investigate the T¯c0 away from the integer
filling and compare them with the critical temperature of ideal Bose gas. In Fig. 3, the
dependence of T¯c0 on average density n is plotted by both slave particle approaches, and
the critical temperature of three-dimensional ideal Bose gas is plotted by eq. (35). We can
see that the slave fermion curve is always below the slave boson curve and closer to that
of ideal Bose gas. On the other hand, the deviations between both slave particle curves
and the ideal gas curve become larger as the density increases. As mentioned above, the
multi-occupation of slave particles on one site is allowed in mean field approximation. In
the high density region, the multi-occupation may occur more frequently for one should
take more types of slave particles into account. This is why the deviations from the ideal
gas become large in this region. However, in the slave fermion approach, multi-occupation
of the same type of slave fermion is excluded, which makes this approximation less severe
than in the slave boson approach and gives a curve closer to that of the ideal gas. One may
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FIG. 3: The critical temperature T¯c0 at U¯ = 0 as a function of average density n with the cut-off
αM = 6. The dashed and dotted lines correspond to the slave boson and slave fermion, respectively.
The solid line is the critical temperature of ideal Bose gas in three dimensions.
notice that there is an unsatisfied feature in the slave fermion picture too. The slave fermion
curve and the ideal Bose gas curve cross at two different values of the filling, which implies
that the slave fermion can not give the correct function dependence of T¯c0 on n. In the
end, we would pay some attention to the mean field nature of our theory. As we know, T¯c0
is calculated on base of the mean field approximation and hence applicable to any spatial
dimensions. This will lead to the conclusion that the Bose-Einstein condensation occurs in
one and two-dimensional ideal Bose gas at finite temperature, which is obviously wrong for
the violation of the Hohenberg theorem [34]. However, this is a well known flaw: mean field
theory usually breaks down in low dimensions due to the large quantum fluctuation [34].
IV. DENSITY AND COMPRESSIBILITY
The central features of the Mott-insulator at T = 0 are the integer filling factor nα = δα,α′
and the zero compressibility κ = ∂n/∂µ = 0. At finite temperature, there is no exact
Mott-insulating phase because the local filling factor may deviate from an integer and the
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FIG. 4: The average particle density n as a function of µ¯ with U¯ = 11 at various temperatures,
obtained by the slave fermion (Fig. 4(a)) and slave boson (Fig. 4(b)) approaches. The µ¯ and U¯
are the dimensionless chemical potential and on-site interaction, respectively. Six types of slave
particles (from n0 to n5) are taken into account in the calculation. The compressibility can be read
out from the slope of the curve.
compressibility κ does not equal zero. We will investigate the finite temperature properties
of these parameters in this section. In principle, when given the value of U¯ , one can calculate
every type of occupation numbers nα as a function of µ¯ by combining eq. (24) with eq. (32).
Then the average particle density n, which is a function of µ¯ too, can be obtained according
to eq. (33). After depicting the n− µ¯ curve, one can read out the compressibility from the
slope of the curve. In Fig. 4, we show the calculated n− µ¯ curves with U¯ = 11 at different
temperature in both slave fermion and slave boson pictures. As the figure shows, there
are ”steps” on the curves at very low temperature, where the density is very close to an
integer and the compressibility is almost equal to zero. It is therefore reasonable to call these
regions the ”Mott-insulator” at finite temperature [17]. We can see that the Mott-insulating
regions in both slave particle pictures diminish and disappear gradually as the temperature
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is increased. However, the quantitative behaviors of them are a little different, i.e., at the
same temperature, the compressibility of the slave fermion deviates from zero more greatly
than that of the slave boson. This implies that the influence of temperature is greater on the
slave fermion than on the slave boson. In Fig. 4, there are only two ”steps” corresponding
to n = 1 and n = 2. One can obtain the higher ”steps” by including more types of slave
particles and working on the larger µ¯. Note that, although the qualitative behavior of this
”step” structure is quite in accord with the zero temperature density profile [15], the value
of the density deep in the superfluid region is unreliable for the invalidity of perturbation
theory.
V. SUPERFLUID DENSITY
As mentioned above, the action near the critical point can be expended in powers of the
order parameter Φ0,0,
SE,eff = βΩ0 −G−1(0, 0)|Φ0,0|2 + a4|Φ0,0|4. (36)
If the coefficient a4 of fourth order term is positive, the superfluid density n0 can be deter-
mined by
n0 = |〈Φ0,0〉|2 = G
−1(0, 0)
2a4
, (37)
which minimizes the action. We calculate the coefficient a4 following the steps in Ref. [17]
and show the detailed calculation in Appendix A. The final result is
a4 = − ǫ0
4
2Lβ
∑
α
{
(α+ 1)2β
(µ− αU)2 [n
α(1∓nα) + nα+1(1∓nα+1)] + 2(α+ 1)
2
(αU − µ)3 (n
α+1 − nα)
+
2(α + 1)(α+ 2)
(µ− αU)2[(2α + 1)U − 2µ]n
α − 2(α+ 1)(α + 2)
[µ− (α + 1)U ]2[(2α + 1)U − 2µ]n
α+2 (38)
− 2(α+ 1)(α + 2)U
(µ− αU)2[µ− (α + 1)U ]2n
α+1 − 2(α + 1)(α+ 2)β
(µ− αU)[µ− (α + 1)U ]n
α+1(1∓ nα+1)
}
,
where ∓ correspond to the slave fermion or the slave boson [25] and nα is defined in eq. (24).
In Fig. 5, we plot the dimensionless a¯4 = Lβa4/zt as a function of the chemical potential µ¯
with U¯ = 12 and ztβ = 4. We can see that the sign difference in a4 (i.e., ∓) leads to a very
striking result, i.e., a4 of the slave boson is always negative. This means the Landau free
energy is not minimized but maximized at eq. (37), that is, the mean field theory of the slave
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FIG. 5: The dimensionless fourth-order coefficient a¯4 = Lβa4/zt as a function of chemical potential
µ¯ by the slave fermion and the slave boson approaches. In the calculation, U¯ = 12, ztβ = 4, and
four types of slave particles (n0, n1, n2, and n3) are taken into account.
boson is not stable and can not give the Landau second order phase transition. The physical
reason for this instability may come from the condensation of the slave bosons due to the
relaxation of the constraint of one salve boson per site. To see this point more explicitly, we
depict in Fig. 6 the dependence of the superfluid density |Φ0,0|2 on the chemical potential
µ¯ at various temperature. The inset shows the value of G(0, 0)/2a4 as a function of µ¯ in
the slave boson picture. We can see that it is opposite to the standard mean field theory at
T = 0 [5, 16], e.g., the ”superfluid density” grows up at the places where are Mott-insulating
regions in the zero temperature phase diagram [35].
In the slave fermion approach, a4 is positive definitely. Then the Landau second order
phase transition theory may be safely applied. As shown in the Fig. 6, the superfluid regions
are consistent with those in the zero temperature phase diagram, and become small and
disappear gradually when the temperature is increased. It is notable that the perturbation
theory used here is valid only near the critical point. Thus the value of the superfluid density
far away from the critical point may be incorrect. The accurate value can be obtained by
means of the Bogoliubov theory [26], but this is beyond the scope of this paper. Because
only four types of slave fermions are considered, the superfluid phase in the larger µ¯ region,
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FIG. 6: Superfluid density |Φ0,0|2 as a function of chemical potential µ¯ with U¯ = 12 at different
temperature. Four types of slave particles (n0, n1, n2, and n3) are taken into account. The solid,
dotted, dashed-dotted-dotted, and dashed lines are obtained by the slave fermion approach and
correspond to ztβ = 7, 4, 2.5, and 1.8, respectively. Inset shows the value of G(0, 0)/2a4 in the
slave boson picture with ztβ = 7, which should not be regarded as the superfluid density because
the a4 is always negative.
which corresponds to the higher filling factor, could not be obtained in our calculation.
VI. THE EXCITATION SPECTRUM
The excitation spectrum of the quasiparticle and quasihole can be determined by the pole
of the Green’s function, that is, by the equation G−1(k, ω) = 0. From eq. (28), we have
∑
α=0
(α + 1)
nα+1 − nα
ω + µ− αU =
1
ǫk
. (39)
It is easy to show that both slave particle approaches give the same excitation spectrum
at T = 0 for nα = δα,α′ with α
′ being an integer filling factor. At nonzero temperature,
one should take more than one type of slave particle into account and eq. (39) will have
more than two solutions [17]. In the case of low density n = 1, it is reasonable to take only
three types of slave particles (n0, n1 and n2) into account, that is, only the processes in
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which the occupation of a site changes among n0, n1 and n2 are considered [17]. By this
approximation, we can obtain two low-lying excitation spectra analytically,
ω±k + µ =
U
2
+
1
2
ǫk(2n
2 − n1 − n0)
± 1
2
√
U2 + 2(n0 − 3n1 + 2n2)Uǫk + (n0 + n1 − 2n2)2ǫ2k.
(40)
In Fig.7, we show the excitation energies (ω+µ)/zt as a function of U¯ at k = 0 for various
temperatures. We can see that the tip of the lobe, where the gap for quasiparticle-quasihole
excitation disappears, moves to the small U¯ region as the temperature increases. This picture
is qualitatively consistent with the superfluid-normal phase diagram obtained in Sect. III.
Another feature of this figure is that the energy gap for quasiparticle-quasihole excitation
is enlarged as the temperature or the interaction U¯ is increased. Recently, Konabe et al.
have obtained the same result by a standard basis operator method [19]. When comparing
panel (a) with panel (b), we can see that, at the same temperature, the lobe by the slave
fermion evolves away from zero temperature lobe more greatly than that by the slave boson,
from which we can conclude again that the influence of temperature on the slave fermion is
larger than that on the slave boson. Note that, except the point of U¯ = 0, the quasiparticle
and quasihole branches do not meet at finite temperature, e.g., the dotted line in Panel (a)
and dashed-dotted-dotted line in Panel (b) (the gap is very small). This may be due to the
finite cut-off approximation and can be remedied by including more types of slave particles.
In addition, the two branches of spectrum always meet at (0,0) at high temperature. The
reason is that, when the temperature is high enough, one would have n0 = n1 = n2 = 0.333
at U¯ = 0 and then the right hand side of eq. (40) would always equal zero. In all, eq. (40)
is valid only at very low temperature and near the Mott-insulator, where the approximation
of αM = 2 is justified.
By using the slave fermion approach, we show, in Fig. 8, the dispersion relation of a two-
dimensional atomic gas in a square optical lattice at various temperatures. The behavior of
the dispersion curves at zero temperature, marked by the solid lines, is qualitatively similar
to that obtained by Sengupta et al. [9] using a strong-coupling expansion approach. At finite
temperature, we can see that, in the different regions of the Brillouin zone, the influence of
the temperature on the gap for quaiparticle-quasihole excitation is different. In the region
between (π, 0) and (π/2, π/2), the gap increases as the temperature is increased. However,
in the region from (π/2, π/2) to (π, 0), the gap diminishes when we increase the temperature.
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FIG. 7: The excitation energies (ω + µ)/zt as a function of the dimensionless on-site interactions
U¯ at k = 0 for various temperatures. Panel (a) and (b) are obtained by the slave fermion and
the slave boson approaches, respectively. The inset in panel (a) shows the energy gap between
quasiparticle and quasihole excitations. The average density is set to be n = N/L = 1 and three
types of slave particles (n0, n1, and n2) are taken into account.
One can see that the temperature affects the excitation spectrum greatly at the points (0, 0)
and (π, π), but at other points such as (π, 0) and (π/2, π/2) the influence of temperature is
very small.
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FIG. 8: The dispersion relation (ω + µ)/zt of a two-dimensional atomic gas in a square optical
lattice at various temperatures. The results are obtained by the slave fermion approach and with
U¯ = 7.5. The solid, dotted, dashed-dotted-dotted, and dashed lines correspond to ztβ = infinity,
2, 1, and 0.5, respectively.
VII. CONCLUSIONS
The finite temperature properties of the Bose-Hubbard model were investigated by both
slave boson and slave fermion approaches. Many physical quantities were calculated in the
mean field level and we found in general there are no qualitatively differences either by
using the slave boson or slave fermion approaches. However, when studying the stability of
the mean field state, we found that in contrast to slave fermion approach, the slave boson
mean field state is not stable. The mean field phase diagram of superfluid-normal transition
was obtained by making a relative large α cut-off (e.g. αM = 6), and the effect of the
finite types of slave particles was estimated. The unreasonable local maximum in the phase
diagram can be eliminated in the slave fermion approach by increasing the cut-off, but it
can not be eliminated in the slave boson approach. In the low density region, the critical
temperature at U¯ = 0 by our mean field approaches is quite close to the Bose-Einstein
condensation temperature of ideal Bose gas in three dimensions. The particle density was
derived and depicted as a function of chemical potential µ¯. The ”Mott-insulating” phase
at finite temperature, where the filling factor is very close to an integer, was identified and
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how it evolves as the temperature increases was demonstrated. The superfluid density was
calculated and plotted as a function of chemical potential µ¯. We showed that the slave
boson approach could not give a correct superfluid density because the coefficient a4 in the
Landau free energy expansion is always negative. The low-lying excitation spectra were
obtained analytically by taking three types of slave fermions (n0, n1 and n2) into account,
and were plotted as a function of U¯ and in the k space at different temperatures. It was
shown that, in the different region of the Brillouin zone, the influence of the temperature on
the quasiparticle-quasihole gap is different.
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APPENDIX A: THE COEFFICIENT OF FOURTH ORDER TERM
In this section we turn to calculate the coefficient a4 of fourth order term by both slave
fermion and slave boson approaches, following the steps in Ref. [17]. We are only interested
in the Φ00 terms and can write the partition function of eq. (14) as
Z =
∫
DΦ∗00DΦ00Da¯αDaαe
−S,
S = iLβλ+ ǫ0|Φ00|2 +
∑
αβ
∑
k,n
a¯α,knM
αβaβ,kn, (A1)
where a¯α,kn and aα,kn are the Grassmann variables in the slave fermion picture and the
ordinary complex numbers in slave boson picture, M is a matrix:

χ0 A0
B0 χ1 A1
B1 χ2 A2
B2 χ3 A3
...


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with
Aα = −
√
α + 1√
Lβ
ǫ0Φ
∗
00,
Bα = −
√
α + 1√
Lβ
ǫ0Φ00,
χα = −iωn + c(α),
in which c(α) is defined in eq. (15). We then integrate the slave particle fields out of the
partition function and obtain the effective action S ′eff ,
Z =
∫
DΦ∗00DΦ00e
−S′
eff
=
∫
DΦ∗00DΦ00 exp
{
−
(
iLβλ+ ǫ0|Φ00|2 ∓
∑
k,n
ln [det βM ]
)}
S ′eff = iLβλ+ ǫ0|Φ00|2 ∓
∑
k,n
ln [det βM ], (A2)
where ∓ correspond to slave fermion or slave boson. The determinant of βM can be written
as
det βM =
(∏
α
βχα
)[
1−
∑
α
ǫ20
Lβ
(α + 1)
χαχα+1
|Φ00|2
+
∑
α
∑
|α−β|≥2
ǫ40
(Lβ)2
(α + 1)(β + 1)
χαχα+1χβχβ+1
|Φ00|4 + · · ·

 .
In the case of small Φ00, ln [det βM ] can be expanded by using
ln(1− A|Φ00|2 +B|Φ00|4) = −A|Φ00|2 + 1
4
(−2A2 + 4B)|Φ00|4 +O(|Φ00|5).
Then the effective action up to fourth order in Φ00 can be given by
S ′eff = iLβλ∓
∑
n
L ln
(∏
α
βχα
)
+
[
ǫ0 ± ǫ
2
0
β
∑
n
∑
α
(α + 1)
χαχα+1
]
|Φ00|2 (A3)
∓ L
4
(
ǫ0√
Lβ
)4∑
n

−2
(∑
α
(α+ 1)
χαχα+1
)2
+
∑
α
∑
|α−β|≥2
4(α + 1)(β + 1)
χαχα+1χβχβ+1

 |Φ00|4,
where the summation over k leads to the number L of lattice sites. The coefficient a2 of the
second-order term |Φ00|2 can be read out directly from eq. (A3),
a2 = ǫ0 ± ǫ
2
0
β
∑
n
∑
α
(α + 1)
χαχα+1
= ǫ0 − ǫ02
∑
α
(α + 1)
nα − nα+1
−µ + αU = −G
−1(0, 0), (A4)
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where ± corresponds to slave fermion or slave boson. We can see that both slave fermion
and slave boson approaches reduce to the same result −G−1(0, 0). The coefficient a4 of the
fourth-order term |Φ00|4 can be rewritten as
a4 = ±L
2
(
ǫ0√
Lβ
)4∑
n
∑
α
[
(α + 1)2
χαχαχα+1χα+1
+
2(α+ 1)(α + 2)
χαχα+1χα+1χα+2
]
, (A5)
where ± corresponds to slave fermion or slave boson. Typically, we calculate the first term
± 1
β
∑
n
[
(α + 1)2
χαχαχα+1χα+1
]
= ± 1
β
∑
n
(α + 1)
[iωn − c(α)]2
(α + 1)
[iωn − c(α + 1)]2
. (A6)
The frequency summations in this term can be performed by using
± 1
β
∑
n
f(iωn) = Res
[
f(z)
1
eβz ± 1
]
c(α)
+ Res
[
f(z)
1
eβz ± 1
]
c(α+1)
. (A7)
Res[F (z)]c(α) denotes the residue of F (z) at the pole c(α), and for the m-th order pole, can
be determined by
Res [F (z)]c(α) = lim
z→c(α)
1
(m− 1)!
dm−1
dzm−1
[(z − c(α))mF (z)]. (A8)
By using this equation, the value of eq. (A6) can be evaluated, which is
± 1
β
∑
n
[
(α + 1)2
χαχαχα+1χα+1
]
= − (α + 1)
2β
(µ− αU)2 [n
α(1∓nα) + nα+1(1∓nα+1)]
− 2(α+ 1)
2
(αU − µ)3 (n
α+1 − nα). (A9)
After calculating the second term in eq. (A5) in the same way, we can obtain the final
expression of a4 as shown in eq. (38). In the Mott-insulating region at T = 0, we have
nα = δα,g with g being the average density. For the slave fermion, the sign in eq. (38) is
minus and then a4 is reduced to
a4 = − ǫ0
4
Lβ
{
g2
[(g − 1)U − µ]3 +
(g + 1)2
(µ− gU)3
− (g + 1)(g + 2)
(µ− gU)2[2µ− (2g + 1)U ] −
g(g − 1)
[µ− (g − 1)U ]2[(2g − 3)U − 2µ]
− g(g + 1)U
[(g − 1)U − µ]2[µ− gU ]2
}
, (A10)
which is exactly the same as the results in Ref. [15] and Ref. [19]. However, for the slave
boson, the sign in eq. (38) is plus and the result is quite different [25]. Furthermore, as we
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have shown in Sec. V, a4 is always non-positive, which leads to the instability of the slave
boson mean field state.
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